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a b s t r a c t
In Foulquié et al. (1999) [2], Li andMarcellán (1996) [4],Marcellán andMoral (2002) [5], the
relative asymptotic behavior of orthogonal polynomials with respect to a discrete Sobolev-
type inner product on the unit circle was studied. In this paper, we propose an alternative
approach to this problem based on the Uvarov spectral transformation.
© 2011 Elsevier Ltd. All rights reserved.
1. Introduction
LetD be the open unit disk {z ∈ C; |z| < 1}, and let dµ be a nontrivial probability Borel measure supported in an infinite
subset of the unit circle ∂D = {z ∈ C; |z| = 1}. Our L2(∂D, dµ) inner product on the linear space of the polynomials with
complex coefficients P can be introduced as follows
⟨ f , g⟩µ =

∂D
f (z)g(z−1)dµ(z), f , g ∈ P; (1)
it is antilinear in the second factor. By Verblunsky’s Theorem [1, Theorem 1.7.11] there exists a unique sequence (φn)n≥0 of
orthonormal polynomials
φn(z) = κnzn + lower order, κn > 0,
with respect to (1) whose zeros, according to Fejér’ s Theorem [1, Theorem 1.7.19], lie in D.
The n-th reproducing kernel, Kn(z, y), associated with {φn}n>0 is defined by
Kn(z, y) =
n
i=0
φi(z)φi(y),
and satisfies the so-called reproducing property,
⟨ f (z), Kn(z, y)⟩µ = f (y), f ∈ Pn,
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as well as the Christoffel–Darboux formula (see [1, Theorem 2.2.7])
(1− zy)Kn(z, y) = φ∗n+1(z)φ∗n+1(y)− φn+1(z)φn+1(y),
where φ∗n (z) = znφ¯n(z−1) is the reversed polynomial and the complex numbers {φn(0)}n>1 are known as Verblunsky, Schur
or reflection parameters.
In the last few years, some attention has been paid to the asymptotic properties of orthogonal polynomials with respect
to nonstandard inner products. In particular, the algebraic and analytic properties of orthogonal polynomials associated
with a Sobolev-type inner product have attracted the interest of many researchers.
Definition 1 ([2, Definition 1]). LetΩ be the unbounded component of the complement of ∂D. A discrete Sobolev-type inner
product inΩ is given by
⟨ f , g⟩S := ⟨ f , g⟩µ + f(Z)A g(Z)H , Z ∈ Ωm, (2)
where
f(Z) = (f (z1), . . . , f (l1)(z1), . . . , f (zm), . . . , f (lm)(zm)),
A is aM ×M complex matrix, withM = l1 + · · · + lm +m, and vH denotes the transposed conjugate of the vector v.
Notice that the inner product (2) is not always Hermitian. Therefore, we cannot consider the sequence of orthonormal
polynomials with respect to (2). However, we can look for sequences of polynomials which are either left or right
orthonormal [3, Definition 2.1] associated with (2).
In the sequel, we will assume that A is a positive definite Hermitian matrix. Hence, the inner product (2) is positive
definite and there exists a unique sequence of polynomials {ψn}n≥0,
ψn(z) = γnzn + lower order, γn > 0,
which is orthonormal with respect to it.
In the literature, an important family of measures is considered (see [1]).
Definition 2 ([1, pp. 485]). µ belongs to the Nevai–Blumenthal classN , if
lim
n→∞
φn(0)
κn
= 0.
The measure µ can be decomposed in an absolutely continuous part with respect to the normalized Lebesgue measure
and a singular part (see [1, Eq. 1.1.5]). Thus, if we denote by µ′ the Radon–Nikodym derivative of µ with respect to the
Lebesgue measure, then
dµ = µ′ dθ
2π
+ dµs,
where µs is the singular part of µ. A well known result of Rakhmanov [1, Corollary 9.1.11] says that any measure dµ with
µ′ > 0 a.e. on ∂D belongs to the classN .
The asymptotic behavior of the sequence of ratios ψn
φn
, commonly called relative asymptotic of ψn with respect to φn,
has been studied in [2,4,5]. In [2,4], the authors adapted a very nice algebraic technique from the theory of orthogonal
polynomials on the real line (see [6]). On the other hand, in [5], a connection was established with orthogonal polynomials
associated with Christoffel transformations [3, pp. 157]. The aim of our contribution is to provide an alternative approach
to this problem based on a finite composition of Uvarov spectral transformations [3, pp. 158] with a single mass
point.
2. Asymptotic behavior
The nondiagonal structure of thematrixA, makes the analysis of the situationmuchmore difficult. First of all, let us prove
an important result which gives precise information about the matrix A.
Lemma 3. The asymptotic behavior of orthogonal polynomials with respect to the inner product (2) does not depend on the
matrix A.
Proof. If A ∈ CM×M is a positive definite Hermitian matrix, then the existence and uniqueness of the sequence of Sobolev-
type orthogonal polynomials with respect to (2) is always guaranteed.
Let (ψ˜n)n≥0 be the sequence of orthonormal polynomials with respect to the inner product
⟨ f , g⟩S˜ := ⟨ f , g⟩µ + f(Z)B g(Z)H , Z ∈ Ωm, µ ∈ N ,
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where B ∈ CM×M is an arbitrary positive definite Hermitian matrix. Expanding ψn and ψ˜n in terms of (φn)n≥0, we have
(see [2, Eq. 17], [5, Proposition 4.1])
ψn(z) = γn
κn
φn(z)− ψn(Z)A Kn(z, Z)T ,
ψ˜n(z) = γ˜n
κn
φn(z)− ψ˜n(Z)B Kn(z, Z)T ,
where
Kn(z, Z) = (Kn(z, z1), . . . , K (0,l1)n (z, z1), . . . , Kn(z, zm), . . . , K (0,lm)n (z, zm))
and K (i,j)n (z, y) denotes the i-th (resp. j-th) partial derivative of Kn(z, y) with respect to the variable z (resp. y). From these
last expressions, it follows that (see [2, Eq. 22, pp. 362], [2, pp. 358])
γ˜n
γn
ψ˜n
ψn
= ∆n(A)∆n(B) ∆n(B)∆n(A) ,

γ˜n
γn
2
= ∆n(B)
∆n(A)
∆n+1(A)
∆n+1(B)
,
where for D ∈ CM×M ,∆n(D) = det(I + DKn),∆n(D) = det(I + DTn),Kn ∈ CM×M is a positive definite matrix for n ≥ M
which can be described by blocks, and Tn ∈ CM×M is obtained through the following equation
Tn = Kn + Vn,
where Vn = − 1φn(z)Kn(z, Z)Tφn(Z). The r, s block of Kn is the (lr + 1)× (ls + 1)matrix
K (i,j)n (zr , zs)
j=0,...,ls
i=0,...,lr , r, s = 0, . . . ,m.
As it is well known, the spectral radius of K−1n tends to zero when n →∞ (see [5, Theorem 3.13]). Therefore,
lim
n→∞ det(A
−1K−1n + I) = limn→∞ det(B
−1K−1n + I) = 1,
and we conclude that
lim
n→∞
∆n(A)
∆n(B)
= detA
det B
lim
n→∞
det(A−1K−1n + I)
det(B−1K−1n + I)
= detA
det B
.
Using the same argument as before, we have
lim
n→∞
∆n(A)∆n(B) = detAdet B limn→∞ det((A
−1 + Vn)K−1n + I)
det((B−1 + Vn)K−1n + I)
= lim
n→∞
∆n(A)
∆n(B)
,
and our statement holds. 
Now, we introduce the Uvarov spectral transformation (see [3]), recently generalized in [7].
Definition 4 ([3, pp. 158]). The Uvarov spectral transformation with a single mass point associated with (1) is given by
⟨ f , g⟩U1 := ⟨ f , g⟩µ +mf (z1)g(z1), m ∈ R \ {0}, z1 ∈ Ω. (3)
The inner product (3) is positive definite if and only if 1 + mKn(z1, z1) > 0 for every n ≥ 0, see [3, Theorem 4.1]. This
means that, form > 0, there exists a unique sequence of orthonormal polynomials {ψn;1}n≥0,
ψn;1(z) = γn;1zn + lower order, γn;1 > 0,
associated with (3). By translational invariance on the positive real axis, we can assumem = 1.
Proposition 5. µ ∈ N if and only if, U1 ∈ N .
Proof. Wewill only prove necessity, since the proof for sufficiency is analogous. Expandingψn,1 in terms of (φn)n≥0 we get
(see [3, Eq. 18])
ψn;1(z) = γn;1
κn
φn(z)− φn(z1)1+ Kn−1(z1, z1)Kn−1(z, z1). (4)
The evaluation in z = 0 of this last expression yields
ψn;1(0)
γn;1
= φn(0)
κn
− |φn(z1)|
2
1+ Kn−1(z1, z1)
Kn−1(0, z1)
γn;1φn(z1)
,
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and using the Christoffel–Darboux formula we obtain
Kn−1(0, z1)
γn;1φn(z1)
= κn
γn;1

φ∗n (z1)
φn(z1)
− φn(0)
κn

. (5)
From [8, Theorem 4], under our conditions, the following limit holds
lim
n→∞
φ∗n (z1)
φn(z1)
= 0.
Since Kn(z1, z1) is an increasing sequence and (see [1, Theorem 9.3.6])
lim
n→∞
1
φn(z1)
= 0,
applying the Stolz–Césaro criterion, we have
lim
n→∞
|φn(z1)|2
1+ Kn(z1, z1) =

1− 1|z1|2

. (6)
On the other hand, from (4) we can deduce the following identity
|φn(z1)|2
1+ Kn(z1, z1) = 1−
1+ Kn−1(z1, z1)
1+ Kn(z1, z1) = 1−

γn;1
κn
2
. (7)
Thus,
lim
n→∞ LHS of (5) = 0
and the result follows. 
Let Um be a finite composition of Uvarov spectral transformations withm different mass points given by
⟨ f , g⟩Um := ⟨ f , g⟩µ + f (z1)g(z1)+ f (z2)g(z2)+ · · · + f (zm)g(zm), (zi)mi=1 ∈ Ω,
and let (ψn;m)n≥0 be the sequence of orthonormal polynomials with respect to it. The next result is a straightforward
consequence of the preceding lemma.
Corollary 6. Uk−1 ∈ N if and only if, Uk ∈ N .
Before proceeding to our main result, we will establish the following relative asymptotic formula.
Lemma 7. Let ψn;1 and ψn;2 be the n-th orthonormal polynomials associated with U1 and U2 respectively. Then
lim
n→∞
ψn;2(z)
φn(z)
= B(z1)B(z2), B(y) = y(z − y)|y|(zy− 1) .
Proof. From (4) and (7), we obtain
ψn;1(z)
φn(z)
= γn;1
κn
−

1− γn;1
κn

Kn−1(z, z1)
φn(z)φn(z1)
.
Taking the limit in the above expression and using (6), we can deduce
lim
n→∞
ψn;1(z)
φn(z)
= B(z1). (8)
From a similar analysis and Corollary 6, we can see that
lim
n→∞
ψn;2(z)
ψn;1(z)
= B(z2). (9)
Using (8) and (9), the result follows. 
We are now in a position to sum up the results obtained above, in the following statement.
Theorem 8. Under our considerations, the relative asymptotic formula
lim
n→∞
ψn(z)
φn(z)
=
m
i=1
B(zi)li+1,
holds uniformly insideΩ .
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Proof. First of all, we prove the result for
f(Z) =  f (l1)(z1), . . . , f (lm)(zm) ,
and A ∈ Cm×m a positive definite Hermitianmatrix. We can see that, in this particular case, the relative asymptotic behavior
of ψn with respect to φn does not depend on the derivatives in the discrete part. Thus, for our purpose we can take
f(Z) = ( f (z1), . . . , f (zm)) .
Furthermore, we can assume without loss of generality, A = I by Lemma 3, where I is a m × m identity matrix. The result
of these considerations shows that the inner product (2) can be represented by a finite composition of Uvarov spectral
transformations. Therefore, the relative asymptotic can be written as follows
lim
n→∞
ψn;m(z)
φn(z)
= lim
n→∞
ψn;1(z)
φn(z)
lim
n→∞
ψn;2(z)
ψn;1(z)
· · · lim
n→∞
ψn;m(z)
ψn;m−1(z)
,
which, using Lemma 7, immediately yields
lim
n→∞
ψn;m(z)
φn(z)
=
m
i=1
B(zi).
Finally, the proof for a general f(Z) is a straightforward consequence of the previous analysis. 
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